The theory of the g factor of an electron bound to a deformed nucleus is considered nonperturbatively and results are presented for a wide range of nuclei with charge numbers from Z=16 up to Z=98. We calculate the nuclear deformation correction to the bound electron g factor within a numerical approach and reveal a sizable difference compared to previous state-of-the-art analytical calculations. We also note particularly low values in the region of filled proton or neutron shells, and thus a reflection of the nuclear shell structure both in the charge and neutron number. The electron's g factor characterizes its magnetic moment in terms of its angular momentum. For an electron bound to an atomic nucleus, the g factor can be predicted in the framework of bound state quantum electrodynamics (QED) as well as measured in Penning traps, both with a very high degree of accuracy. This enables extraction of information on fundamental interactions, constants and nuclear structure. For example, the combination of theory and precise measurements of the bound electron g factor has recently provided an enhanced value for the electron mass [1], and bound state QED in strong fields was tested with unprecedented precision [2] [3] [4] [5] . It also enables measurement on characteristics of nuclei such as electric charge radii, as shown for Si 13+ ion [6], or the isotopic mass difference as demonstrated for 48 Ca and 40 Ca in [7] , or, as proposed theoretically, magnetic moments [8] . Also, it was argued that g-factor experiments with heavy ions could result in a value for the fine-structure constant which is more accurate than the presently established one [9] . With planned experiments involving high Z nuclei [10, 11] and current experimental accuracies on the 10 −10 level for low Z, it is important to keep track also of higher order effects. In this context, the influence of nuclear size and deformation is critical. In [12], the nuclear shape correction to the bound electron g factor was introduced and calculated for spinless nuclei using the perturbative effective radius method [13, 14] . This effect takes the influence of a deformed nuclear charge distribution into account, and changes the g factor on a 10 −6 level for heavy nuclei, thus being potentially visible in future experiments. Therefore, a comparison of experiment and theory for heavy nuclei demands a critical scrutiny of the validity of the previously used perturbative methods, as pointed out in [15] .
The theory of the g factor of an electron bound to a deformed nucleus is considered nonperturbatively and results are presented for a wide range of nuclei with charge numbers from Z=16 up to Z=98. We calculate the nuclear deformation correction to the bound electron g factor within a numerical approach and reveal a sizable difference compared to previous state-of-the-art analytical calculations. We also note particularly low values in the region of filled proton or neutron shells, and thus a reflection of the nuclear shell structure both in the charge and neutron number. The electron's g factor characterizes its magnetic moment in terms of its angular momentum. For an electron bound to an atomic nucleus, the g factor can be predicted in the framework of bound state quantum electrodynamics (QED) as well as measured in Penning traps, both with a very high degree of accuracy. This enables extraction of information on fundamental interactions, constants and nuclear structure. For example, the combination of theory and precise measurements of the bound electron g factor has recently provided an enhanced value for the electron mass [1] , and bound state QED in strong fields was tested with unprecedented precision [2] [3] [4] [5] . It also enables measurement on characteristics of nuclei such as electric charge radii, as shown for Si 13+ ion [6] , or the isotopic mass difference as demonstrated for 48 Ca and 40 Ca in [7] , or, as proposed theoretically, magnetic moments [8] . Also, it was argued that g-factor experiments with heavy ions could result in a value for the fine-structure constant which is more accurate than the presently established one [9] . With planned experiments involving high Z nuclei [10, 11] and current experimental accuracies on the 10 −10 level for low Z, it is important to keep track also of higher order effects. In this context, the influence of nuclear size and deformation is critical. In [12] , the nuclear shape correction to the bound electron g factor was introduced and calculated for spinless nuclei using the perturbative effective radius method [13, 14] . This effect takes the influence of a deformed nuclear charge distribution into account, and changes the g factor on a 10 −6 level for heavy nuclei, thus being potentially visible in future experiments. Therefore, a comparison of experiment and theory for heavy nuclei demands a critical scrutiny of the validity of the previously used perturbative methods, as pointed out in [15] .
In this paper, we present non-perturbative calculations of the nuclear deformation correction to the bound electron g factor and show the corresponding values for nuclei across the entire nuclear chart, quantifying the nonperturbative corrections and especially observing the appearance of nuclear shell closure effects in the values of the bound electron g factor.
Relativistic units with =c=1 are used throughout this work, as well as the Heavyside unit of charge with α=e 2 /4π, where α is the fine structure constant and the elementary charge e is negative.
It has been shown in [16] that for spinless nuclei the relativistic Hamiltonian for the electron bound to a deformed nucleus reads
Here, α and β are the four Dirac matrices, p is the electron's momentum, m e the electron mass, and the electric interaction between eletron and nucleus can be described in terms of the nuclear charge distribution ρ( r) as
where r > :=max(r, r ). For spherically symmetric charge distributions, this leads to finite size effects in atomic spectra [13] . However it is important to note, that this formula is also valid for deformed nuclear charge distributions, although the resulting potential is spherically symmetric. The solution of the corresponding eigenvalue equation
can be written in position space in terms of the wellknow spherical spinors Ω κm (ϑ, ϕ) and the radial functions G nκ (r), F nκ (r) [17] , and depends on the principal quantum number n, the relativistic angular momentum quantum number κ, and the z-component of the total angular momentum m.
In this work, we focus on quadrupole deformations, since atomic nuclei do not possess static dipole moments. Here, the deformed Fermi distribution
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as a model of the nuclear charge distribution has proved to be very successful, e.g. in heavy muonic atom spectroscopy with deformed nuclei [18, 19] ; the normal Fermi distribution (β=0) has also been used in electron-nucleus scattering experiments determining the nuclear charge distribution [20] . Here, a is a skin thickness parameter and c the half-density radius, while β is a deformation parameter. Y lm (ϑ, ϕ) are the spherical harmonics and Y l0 (ϑ) depend only on the polar angle ϑ, and not on the azimuthal angle ϕ. The normalization constant N is determined by the condition
In an external, homogeneous, and weak magnetic field B, the g factor of the bound electron is defined by the first order energy splitting δE due to the external field as the proportionality coefficient [21] 
where
is the corresponding vector potential, and µ B the Bohr magneton. The g factor in central potentials is independent of the quantum number m. It can be expressed in terms of the radial functions as
where j = |κ| − 1/2 is the total angular momentum of the electron. Alternatively, the bound electron g factor can be expressed for arbitrary central potentials in terms of the derivative of the eigenenergies with respect to the electron's mass [22] as
For the model of a point-like nucleus, the radial wave functions are known analytically and the ground state g factor with n = 1 and κ = −1 is
with γ = 1 − (Zα) 2 , a result presented for the first time by Breit [24] . For the deformed Fermi distribution (4) with a fixed charge number Z, the g factor (7) is completely determined by the parameters c, a and β, and therefore can be written for the ground state as
where δg
is the finite size correction depending on the parameters c, a, and β. In [12] , the nuclear deformation correction to the bound electron g factor is defined as the difference of the finite size effect due a deformed charge distribution and due to a symmetric charge distribution (i.e. β=0) with the same nuclear radius as
where a = 2.3 fm/(4ln(3)), and c i are determined such that r 2 ρ of the corresponding charge distribution agrees with the root-mean-square (RMS) values from literature [23] . The n-th moment of a charge distribution ρ( r ) is defined as
Values for the deformation parameter β can be obtained by literature values of the reduced E2-transition probabilities from a nuclear state 2 + i to the ground state 0 + via [25] :
From Eq. (11) it is evident that the nuclear deformation correction is a difference of two finite size effects and therefore especially sensitive on higher order effects. However, for high Z it reaches the 10 −6 level and therefore is very significant.
It was shown in [12] with the effective radius method [13] that δg . δg ND can be calculated with the formula [22] δg
which is a direct consequence of Eq. (8). The energy correction due to ρ caβ (r, ϑ) compared to the point like nucleus can be approximated as [13] E FS ≈ (Zα)
Here, f (x) = 1.380 − 0.162x + 1.612x 2 and the radius of a homogeneously charged sphere with approximately the same energy correction as the original charge distribution is
While (14) is exact for an arbitrary central potential, provided that E FS is known exactly, (15) is an approximation derived under the assumption of the difference between point-like and extended potential being a perturbation. The calculation of the nuclear deformation correction to the bound electron g factor via the effective radius approach therefore relies on a perturbative evaluation of the energy derivative in Eq. (14) and is limited by the accuracy of the finite size corrections.
In this work, we also calculate δg ND non-perturbatively by solving the Dirac equation (3) numerically for the potential (2), including all finite size effects due to the deformed charge distribution ρ caβ (r, ϑ). The dual kinetic balance method [26] is used for numerical calculations. Then, the g factors needed in Eq. (11) for the nuclear deformation correction can be obtained by numerical integration of the wave functions in Eq. (7). Alternatively, the derivative of the energies in Eq. (8) can be approximated numerically as
with a suitable δm/m e 1. Here, E (mi) nκ stands for the binding energy obtained by solving the Dirac equation with the electron mass replaced by m i . We find both methods in excellent agreement.
We calculated the nuclear deformation g-factor correction for a wide range of even-even, both in the proton and neutron number, and therefore spinless nuclei with charge numbers between 16 and 96 using the deformed Fermi distribution from Eq. (4) with parameters a, c, and β obtained as described below Eq. (11). The numerical approach as described above was used, which does not rely on an expansion in Zα or in moments of the nuclear charge distribution. In Table I , a comparison between this numerical approach and the effective radius method from [12] shows that the latter is a good order-of-magnitude estimate of the nuclear deformation correction, but for high-precision calculations, non-perturbative methods are indispensable. Eq. (15) has an estimated relative uncertainty 0.2 % [13] and there are several aspects, which limit the accuracy of the effective radius method: Firstly, Eq. (16) uses only the second and fourth moment of the nuclear charge distribution for finding the effective radius of a charged sphere with the same energy levels, and neglects higher orders of the charge distribution. Secondly, the energy levels of the charged sphere are calculated by the approximate formula (15) . Additionally, it was shown in [15] that the effective radius method for arbitrary charge distributions is incomplete in order (Zα)
2 m e (Zαm e R N ) 3 , where R N is the nuclear RMS charge radius. Our numerical approach overcomes this issue by dispensing with an expansion both in Zα and Zα m e R N . Finally, the uncertainty in the energy correction might not transfer trivially to the uncertainty in the energy derivative with respect to the electron mass. Being a difference of two small finite-nuclear-size corrections itself, the nuclear deformation correction can exhibit enhanced sensitivity on these factors. Therefore, the uncertainty of the finite-nuclearsize corrections via the effective radius method can lead to a sizable uncertainty for the nuclear deformation corrections, especially for high Z. Convergence of the numerical method, on the other hand, was checked by varying numerical parameters and using various grids, and the obtained accuracy permits the consideration of nuclear size and shape with an accuracy level much higher than the differences to the perturbative method.
The required RMS values for the nuclear charge radius are taken from [23] and the reduced transition probabilities needed for the calculation of β via (13) from [27] . The resulting values for |δg ND | are shown in Fig. 1 as a function of the charge number Z and the neutron number N . If proton or neutron number is in the proximity of a nuclear magic number 2, 8, 20, 28, 50, 82 , and 126, which corresponds to a filled proton or neutron shell [28] , the nuclear shell closure effects also transfer to the bound electron g factor, and the nuclear deformation correction is reduced.
Concluding, the nuclear deformation g-factor correction was calculated non-perturbatively for a wide range of nuclei by using quadrupole deformations estimated from nuclear data. By comparing the previously used perturbative effective radius method and the all-order numerical approach, it was shown that the contributions of the non-perturbative effects can amount up to the 20 % level. In the low-Z regime, the nuclear deformation corrections can safely be neglected, especially for the ions considered in [1] . However, considering a parts-per-million nuclear deformation correction and an expected parts-per-billion accuracy, or even below, for the g factor experiments with high-Z nuclei, in this case an all-order treatment is in- dispensible. These results motivate a non-perturbative treatment of nuclear shape effects also for other atomic properties, e.g. fine and hyperfine splittings. The distribution of electric charge inside the nucleus is a major theoretical uncertainty for g factors with heavy nuclei, which suggests the extraction of information thereon from experiments. Our work demonstrates the required accurate mapping of arbitrary nuclear charge distributions to corresponding g factors. Furthermore, the nuclear deformation correction was shown to be a not monotonically increasing function of the nuclear charge number. In fact, it rather reflects the nuclear shell model by taking particularly low values around filled proton, as well as neutron shells, showing the neutrons' indirect influence on the distribution of electric charge inside the atomic nucleus.
